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We give a survey of some recent results and some remaining questions concerning the model 
theory of elementary pairs of models of a complete first-order theory, in the language with a 
new predicate for the small model of the pair. 
If T is a complete first-order theory in a language -5, let L* = L U ( 
is a new unary predicate symbol. We consider elementary pairs of models of T, 
N, M #N, as L* structures, with M interpreting the predicate A. It is clear 
they forzr an elementary class in L*. The theory T* of this class is not in 
general complete. 
For some time pairs of models had been mainly studied in specific algebraic 
examples (pairs of groups, fields,. . . ). We will just mention the well-known 
results of Robinson [ls]: the mL!pleteness of the theory of algebraically closed 
fields of given characteristic, and the completeness of pairs of real closed fields, 
where the small field is dense in the bigger one. In [ll], Macintyre gave sorue 
generalizations of both Robinson’s results. It is rather surprising that very little 
work seems to have been done since in order to see what general facts are hidden 
behind all these particular esults. 
re I want to give a short survey of more recent work on the model theory of 
elementary pairs of a complete first-order theory (the main references are 1131, 
Our main interest in a general study of the model theory of pairs in this 
extended language, is to see whether it is possible to express ‘sophisticated 
properties of T by ‘simpler’ properties of the theory T*. As we will see, this 
indeed turns out to be the case (finite cover property [13], imensional Order 
efiy PI)- ut in fact this leads naturally to some more basic questions: for 
example, if one recalls obinson’s result on algebraically closed fields, what is the 
meaning for the theory T, if there is any, of the fact that T* is complete? As we 
see at the end of this paper, this question is still partially open. 
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) denotes the type of ii over A in L, 
- f*(~/A) denotes the type of a over A in L*. 
necessary to distinguish bekween notions in L and in L*, the 
be preceded by *, for example a *automorphism is an 
otid keep in mind when working in the 
saturated, then both and N are A-saturated. 
automorphism of N 
to(M,N)inL*,anda’EN, 
and t(b/M’) are equivalent in 
in the fundamental 
(if T is stable, N and M’ are independent over 
n in (3) is not in general sukient for 6 and 6 to have the 
be seen from the following example: 
e theory of an equivalence relation with insnitely many classes all 
) be the following pair of models of T: 
a and b are both equiv&st to some be in M, and c 
b. and co being in different equivalence classes. 
t in the fundamental order but a and c 
‘beaut@kl pairs’ of a stable theory T, that is, the pairs 
U ii is reaked in N. 
rties in the language L* the theories 
o not have the finite cover prop .c.p.). We will be using the following 
eisler’s original definition by 118, C 
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A theory T does not have the f.c.p. if T is ssable and for any formula 
a(~, y) in;he language of Teq, there is an integer such that, for all y’, if there 
are more than Nq elements x satisfying cg(x, jj), then there are infinitely many. 
If T is a stable theory, then all beautiful pairs of T are elementarily 
he language L’. 
Let To* be the complete theory of all beautiful pairs of T in L*. Then 
A-stable. 
If T does not have the f.c.p. and is l-stable, then Ti is also 
3. The following are equivalent: 
T& the following holds: 
If ia”ENand &N’, /6) if and only if t@fM) and t(&M’) 
are equivalent in the fundamental order of T. 
(iii) For all models (M, N) and (M’, N’) of T& the following hold& 
If iI E M and 6 E M’, then t*(C/@) = t*(6/0) if and only if t(ti/0) = t(6/0). 
Note that in any stable theory T, properties (ii) and (iii) hold if the models 
(M, N) and ( ‘, N’) are both beautiful pairs of T. 
This criterion gives particularly easy proofs of the fact that modules and 
differentially closed fields do not have the f.c.p. [14]. 
The fact that the f.c.p. has a very strong influence on the behaviour of pairs will 
appear again further in this paper. 
‘Ihe Dimensional Order Property (DOP) is one of the conditions introduced by 
Shelah (see for example [16,17]) in order to classify complete first-order theories 
which have a structure theory, that is, such that their models can be characterized 
up to isomorphism by good invariants. 
e say that a supe 
possible to code ar order i 
structure theory. 
E. Bolcscotcn 
st be ‘shallow’. 
of pairs, as the following theorem shows: 
([1,2]). Let T be a superstable theory. Then the following conditions are 
not have DOP. 
(ii) All completions of T* in L* are stable. 
(iii) All contp&ions of T* in L* are superstable and do not have DOP. 
precisely, in the case T does not have DOP, it is shown that all 
etions of T* behave exactly like T, that is, they have the same depth as T. 
cm also define DOP for stable non-superstable theories in exactly the 
ay, but for the class of &-saturated models (assume, in order to simplify 
II that the theories are countable). In this case, DOP, exactly as in the 
le case, implies that there is no structure theory for the class of 
ated models, but one cannot conclude to a ‘good behaviour’ of K1- 
ed models by assuming only NDOP. It is therefore not too surprising that 
the equivalence above does not go through for stable non-superstable theories. In 
fact, since the theorem above was proved, two examples have been found of 
stable theories with DOP such that all their theories of pairs are stable: 
bly closed fields: Delon showed that, given a complete theory of 
closed fields, T, then the theory T* is complete and stable. She later 
at separably closed fields have DOP; both results appear in [9]. The 
fact that separably closed fields have OP was also proved independently in [8]. 
re recently, it has been shown in [S] that the theory of a pairing Elrnction 
no cycles has the same properties. 
ne should note that these two examples are rather particular, as, in both 
e will look at questions related tc the 
ness of T” a little later in t 
e proofs of the theorem above, the superstability of T is used heavily in 
the ce of 
as n to do 
Elementary pairs of models 133 
Let T be a superstable theory, let & be a completion of T* in L*. 
Then, & is itable if and only if the types of It’* which contain the formula “0 E 
are stable. 
The superstability of T comes in here in order to show the following lemma: 
Let T be a superstable theory, let < N be two models of T, and let ti, d E N 
) a’ and 6 have th , if G is the theory 
) in L*, ii and d have the same type over in TI. 
There are very simple counterexamples to this lemma in the case of unstable 
theories. 
Let T be the t ry of dense linear order without endpoints. 
rationals, and let N - [0, I]. Then 0 and 1 have tht same 
do not have the same type in the pair (M, IV), as the formula “ 
is satisfied by 1 and not by 0. 
We do not know if the lemma is true for stable non-superstable theories. But if 
it fails, it cannot be for such a simple reason as in the above counterexample: 
indeed, the following is true for stable theories, with the assumptions of the 
lemma: 
For any formula ~(ii, x, y’) in L, for any r% E 
(M,AT)Hxx$ikf/\~~(ii,x,rii) iff (M,N)C3xx$M~rp(d,x,rTi). 
me work described in the preceding section was in fact at first motivated by 
the following conjecture of Combase [7]: 
Let T be a complete stable theory, such that the theory T* is stable. Then T is 
finitely determinate in the sense of stationary logic. 
We do not want here to recall what is stationary logic nor to give the original 
definition of finite determinacy in this context. We will therefore only give an 
equivalent definition, the ‘Eklof- ekler’ criterion [lo], which indicates the link 
with the theory of elementary pai 
A theory T is finitely determinate if every model M of T of inality K1 is the 
union of an increasing indiscernible chain of countable models ), which means 
that for all 
and for all a’ in (i,), the tuples 
and 
) 
are elementarily equivalent and furthermore, a’ has the same type in both. 
e above conjecture has been proved for supers eories in two stages: 
result in Section 2, if T is s oes 
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kler [12] proved tha is superstable and does not 
T is 6nitely determina 
the question to be 
mentioned in Sectio parably closed fields and 
are such that Te is complete and stable, are 
re generally, this is true stable theory which does 
the f.c.p. and such that T* is complete 
nverse of the conjecture does not ho1 for o-stable theories: there 
cu-stable theory with DOP, hence svach that T* is not stable but which is 
e 
section we will look at two related problems. First, under which 
the theory T* complete? Second, do we gain information by looking 
n-tuples of models instead of just pairs of models [S]? 
For 26 n s o, let L,* be the language L U {Sl, . . . , Sn_1}, where the 
am’ predicates, and let Tz be the theory in Lz of elementary 
n-tupks of models of T, Ml c l l l < 
:-tep on the way to answering these questions is obviously to know 
whether the completeness oi the theory of pairs implies the completeness of the 
of n-tuples. 
note first that, already fo = 3, in order to get the complete 
of models, it is not enc to know the theories of all the pairs 
Lwolved. Indeed, in the following example we ha-12 two triples which are not 
elementarily equivalent in L,*, although all the pairs involved are in fact 
morphic. 
of one equivalence rtlation with infinitely 
the countable model of T, let M2 be a 
are augmented, all by countably many new 
are not augmented, 
an elementary extension of one adds countably 
exactly to all the classes that have been augmented in 
entary extet5ion of , but such that, in 
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;, one adds countably many new elements to ZL% the classes at have been 
ot elementarily equivalent 
GejG3, areiso 
Note that this example is a theory which does not have the f.c.p., for which the 
theory T* is not complete. 
. Let T be a theory which does not have the fic.p., and such rhat T* is 
complete. Then, for all n, 2 s n < o, the theory Tf is complete. 
The two stable non-superstable theories mentioned in Section 2 G;;e examples 
of such theories. 
The proof of this uses very heavily the fact that T does not have the f.c.p.: as 
T* is complete, it is the theory To* of beautiful pairs and if T does not have the 
f.c.p., then we know (see Section 1) that To* behaves particularly well. 
The situation is different in the case when we are dealing with a theory which 
has the f.c.p. Then it is much easier to work with triples of models than with 
pairs: 
. _Cer T be a theory which has the f.c.p. Then, the theory Tf is not 
complete. 
We do not know if there exists a theory with the f.c.p., such that the 
This divides into two different cases: 
(1) T unstable. We do not know if there is an unstable theory T such that T* is 
complete, but by using Ehrenfeucht- ostowski models, we have 
. If T is a theory with a dti#inable order, then T* is not complete. 
(2) T stable. If T is stable and has the f.c.p., by using the definition we gave in 
Section 1, one gets directly a Vaughtian pair for Te‘$ that is a formula &, y’), 
eN of Teq and some such that the set q( 
)} is infinite and cp( &AT, ti). From the 
Vaughtian pair one gets easily that Tz is not complete. 
So we can restate the question in the following way: does the existence of a 
Vaughtian pair for Teq imply that T* is not complete? Note that, for any theory 
such a Vaughtian pair &), with no parameters, then T* is not 
rther, if T dG,s not have the t.~.p.~ then, from a Vaughtian pair 
cp(x, si)), one also gets very easily that * is not co lete, as it is possible to say 
by one sentence about a’ that c&, a’) is infinite. 
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e question can be answered easily in the case of o-stable theori 
tu-stable theory ~~~c~ is not o,-catego 
Note f&t that if T has a Vaughtian pair 
pairs which are not elementarily 
prime model of T, there are two cases: 
1 over the prime model. Let q(x, ii), ii in 
p. Now, as T is not wl-categorical, over 
nal top; if Nis 
and as t(i) is 
Choose a type of minimum 
in &, isolating p from the 
p, and let NO be 
such that t(g) = t(Z), if z in NO - 
, over some extension MI of 
heir of B over Ml), in cp(x, 6). Let 
be an extension of Then the two pairs (A&, NO) 
) cannot be elementarily equivalent. c3 
will finish with two remarks. There are wl-categorical theories which are 
categorical, and such that their theory of pairs is not complete. 
showed that a strongly minimal theory with this property must be 
ukr and it follows that we know exactly which ones tiey are; this can 
ally, we have not been very careful about distinguishing 
of Vaughtian pairs for T or for TY Ihis is perfectly 
e case of a super-stable theory: it is shown in [3] if T is 
a Vaughtian pair if and only if T”Q has a Va an pair. 
ne should be careful in the case of stable non-supcrstable 
, both with and without the f.c.p., of 
at T- has a Vaughtian pair but T does 
ensional Order 
rsitt5 Paris 7, (1985). 
arid pairs of models, Ann. Pure Appl. Logic 
Elementmy paim of models 137 
[3] E. Bouscaren, A note on Vaughtian pairs, Preprint. 
[4] E. Bouscaren and E. Hrushovski, Un exemple de th6orie o-stable DOP et himent d&ermin6e, 
Preprint. 
[5] E. Bouscaren and B. Poizat, Des belles paires aux beaux uples, J. Symbolic Logic 53 (1988) 
434-442. 
[6] S. BeuchIer, Pseudo-projective strongly minimal sets are IocalIy projective, Preprint. 
[7] J. Cornbase, Ph.D., Stanford, 1984. 
[8] 2. Chatzidakis, G. Cherlin, S. Shelah, G. Srour and C. Wood, Orthogonal@ of types in 
separably closed fields, in: J. T. Baldwin, ed., Classi6cation Theory, Proceedings, Chicago 1985, 
Lecture Notes in Math. 1292 (Springer, Berlin, 1987). 
[9] F. Delon, Id6aux et types sur les corps dparablement clos, M&m. Sot. . Fra=, to appear. 
[lo] P. Eklof and A. MekIer, Stationary Logic of finitely determinate structures, Ann. Math. Logic 17 
(1979) m-270. 
[ll] A. Macintyre, Dense embeddings I: A theorem of Robinson in a general setting, in: Model 
Theory and Algebra, A Memorial Tribute to Abraham Robinson, Lecture Notes in Math. 498 
(Springer, Berlin, 1975). 
[12] A. Mekler, Classification theory and stationary logic, Canad. J. Math. 39 (1987) 893-907. 
[13] B. Poizat, Paires de structures stables, J. Symbolic Logic 48 (1983) 239-249. 
[14] B. Poizat, Deux remarques il propos de la propriettl de recovrement fini, J. Symbolic Logic 49 
(1984) 803-807. 
[15] A. Robinson, Solution of a problem of Tarski, Fund. Math. 47 (1959) 179-284. 
[16] S. Shelah, The spectrum problem I: &-saturated models, the main gap, Israel J. Math. 43 (1982) 
346-356. 
[17] S. Shelah, Classikation of first-order theories which have a structure theory, Bulk A.M.S. 12 
(1985) m-233. 
[18] S. Shelah, Classification Theory and the Number of Non-isomorphic Models (North-Holland, 
Amsterdam, 1978). 
[19] M. Ziegler, Proc. 6th Easter Conference 1988, Humboltd Univ., Berlin, D.D.R. 
